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ABSTRACT. By means of generalized Riccati transformation and averaging technique, we estab-
lish some oscillation criteria for the second-order neutral Emden-Fowler delay dynamic equation of

mixed type
(r(H)2> ()2 + a(Oly(6()*y(6(8) + a2(H)]y(8(1))|° "y (5(1)) =0,

on a time scale T. Our results as a special case when T = R improve some well known oscillation
criteria for second order neutral Emden-Fowler delay differential equation of mixed type, and when
T =N, T=hN, and T = ¢"°, i.e., for neutral delay difference equations, neutral delay difference
equations with constant step size, and g-neutral difference equations with variable step size. The
results obtained here are essentially new and can be applied to different types of time scales. Some

applications and examples are considered to illustrate the main results.

AMS (MOS) Subject Classification. 39A10

1. INTRODUCTION

Consider the second order neutral Emden-Fowler dynamic equation of mixed type

(1.1) (r(H)2())> + a@®ly () y(3(8) + a(B)ly(8(0)* 'y (5(t)) = 0,

for t € [tg, 00)r where T is a time scale unbounded above, and z(t) = y(t)+p(t)y(7(t)).
Throughout this paper we assume that:

(A1) a and ( are positive constants with 0 < o < 1 < f3;
(A2) 7, p, q1, q2 € Cra([to, 00), RT) with 0 < p(t) < 1 and [~ 1/r(t)At = oc;
(A3) 7,6 € C,q([to, o0)T, [to,00)r) with 7(t) < t, §(t) < t for t € [ty,00)r, and
Jin 70 = Jim 91 = .
For completeness, we recall the following concepts related to the notion of time
scales, see [1, 7, 15] for more details. A time scale T is an arbitrary nonempty closed
subset of the real numbers R and, since oscillation of solutions is our primary concern,

we make the blanket assumption that supT = oo. In this paper we assume that T
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has the topology which inherits from the standard topology on the real numbers R.
For t € T we define the forward operator o : T — T and the backward jump operator
p: T —T by

o(t):=inf{s € T:s>t}, p(t):=sup{se T, s<t},

respectively. In this definition we put inf () := sup T (i.e., o(¢) = ¢ if T has a maximum
t) and sup () := inf T (i.e., p(t) =t if T has a minimum ¢), where () denotes the empty
set. A point t € T and ¢ > infT, is said to be left-dense if p(t) = t, right-dense
if t < supT and o(t) = ¢, left-scattered if p(t) < ¢ and right-scattered if o(t) > t.
A function g : T — R is said to be right-dense continuous (rd-continuous) provided
g is continuous at right-dense points and at left-dense points in T, left-hand limits
exist and are finite. The set of all such rd-continuous functions is denoted by C,4(T).
The set of functions f : T — R which are differentiable and whose derivative is rd-
continuous function is denoted by C!,(T,R). The graininess function p for a time
scale T is defined by pu(t) := o(t) — ¢, and for any function f : T — R the notation
fo(t) denotes f(o(t)).

Recall that a solution of (1.1) is a nontrivial real function y(¢) such that y(¢) +
p(®)y(7(t)) € C%,([ty,<)r,R) for t, > t, and satisfies Eq. (1.1) for ¢ > ¢,. Our
attention is restricted to those solutions of Eq. (1.1) which exist on some half-linear
ty, 00) and satisfy sup{|y(t)| : t > t,} for any ¢; > ¢,. A solution y(¢) of Eq. (1.1)
is said to be oscillatory if it is neither eventually positive nor eventually negative,
otherwise it is nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions

are oscillatory.

Equation (1.1) in its general form involves different types of differential and dif-
ference equations depending on the choice of the time scale T. For example, when
T = R, we have

o) =t, u(t)=0, o) /f At—/f

then Eq. (1.1) becomes the second order neutral delay differential equation

(1.2) (r(®)a'(t)) + a1 (D]y(6()[* "y (3(1) + a2 (D)]y(8(t))|"y(3(1)) = 0.
If T =N, we have

o(t) =+ 1, plt) =1, FA() = A1) /f At_Zf

then Eq. (1.1) becomes the neutral difference equation

(13)  Alr®Az(t) + a(®)ly00))" y(0(t) + a()]y(0(1)1"y(6(t)) = 0.
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If T=hN:={hk:k e N h>0}, we have o(t) =t + h, pu(t) = h, and

b (b—a—h)/h
25 (1) = Apa(t) = UF hf)L —2(t) /f(t)At _ ; fla+ kRh)h,

then Eq. (1.1) becomes the neutral difference equation with constant step size

(14)  Au(r(®)Awz(t) + )]y (00" y(8(8) + q2(D)]y(0(1)|" y(3(1)) = 0.

If T=q"%:={t:t=q",neNyq>1}, we have o(t) = qt, u(t) = (¢ — 1)t, and

20 = 80(t) = "2 [ = 3 o),

te(a,b)

then Eq. (1.1) becomes the neutral ¢-difference equation with variable step size
(15)  Ag(r()Az(t) +a®)ly(8(t)* y(3(t) + a2 (t)|y(8(t))|7 'y (8(t)) = 0.

It is well known that the theory of time scales unifies continuous and discrete
analysis, and the theory of “dynamic equations” unifies the theories of differential
equations and difference equations, and it also extends these classical cases to cases
“in between”, e.g., to the so-called g-difference equations. Of course, many other
interesting time scales exist, and they give rise to plenty of application [3, 7, 8, 15].
The oscillation theory of difference and differential equations has been developed
extensively during the past years, we refer the reader to the monographs [1, 2, 4].
In recent years, there has been increasing interest in obtaining sufficient conditions
for the oscillation/nonoscillation of solution of the second order Emden-Fowler delay

dynamic equation

(1.6) 222 () + q(t)x7 (o(t)) =0
(1.7) (ra®)2(t) + q(t)z" (a(t)) = 0,

see, for example, [5, 6, 9, 10, 13, 14, 17] and the references therein. However, the
mixed type Emden-Fowler delay dynamic equation (1.1) has never been the subject

of systematic investigations.

In this paper, following the ideas in [11, 16, 18], we establish some oscillation
criteria for (1.1) on a time scale T. Our results as a special case when T = R improve
some well known oscillation criteria [18] for second order neutral mixed type Emden-
Fowler delay differential equation (1.2), and when T = N, T = AN and T = ¢,
i.e., for neutral delay difference equations, neutral delay difference equations with
constant step size, and second order ¢g-neutral difference equations with variable step
size. The results obtained here are essentially new and can be applied to arbitrary
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time scales. Finally, some applications and examples are considered to illustrate the

main results.

2. MAIN RESULTS

Before we state and prove our main results, we present the following lemma which
is important in the proof of our main results. For simplicity of statement, we define

the following notation without further mentioning.

O(t) = (8= )1 = p(6(M)] (8= 1" (1 = a)*'g{~ (g (1
Lemma 2.1. Assume that

(2.1) / TS0 AL =

to

1/(B—a)

holds, and y is an eventually positive solution of Eq. (1.1). Then there exists a
T € [tg, 00)T, sufficiently large, such that:
(1) z(t) >0, z2(t) >0, x(t) > ta?(t) fort € [T, 00)1;

(2) z is strictly increasing and z(t)/t is strictly decreasing on [T, 00)r.

Proof. Let y be an eventually positive solution of Eq. (1.1). Then there exists t; €
[to, 00)T such that ¢; > 0, and

y(t) >0, y(r(t)) >0, y(0(t)) >0 for tety,o0)r,

which follows that z(t) > 0 for ¢ € [t;, c0), since p(t) > 0.

From (1.1), we have

(r(®)a®(1)> = a1 ()]y (6O y(8(t) — g2(B)]y(8(t)|" 'y (6(t)) <0, t € [tr,00)r,

which implies that r(t)z2(t) is an eventually decreasing function. We claim that
r(t)z2(t) > 0 on [t;,00)r. Assume not, then there is a t, € [t;,00)r such that
T(tz)l’A(t2> =:d; < 0. Then

r(t)z?(t) < r(ty)x™(ty) = dy, t € [ty, 00)T,

which follows that
2 (t) < A t € [ty, 00)
= ’T’(t) ) 2 T-
Integrating the above from ¢, to ¢, we get, by (A2),
t

t
1
x(t) = x(t2) +/ 22 (s)As < x(ty) + d1/ —As — —00 as t— oo,

ta 1 7(8)
which implies x(t) is eventually negative. This is a contradiction. Hence, r(t)a>(t) >
0 on [t;,00)r and so x2(t) > 0 on [t;,00)p. Therefore, z(t) is strictly increasing on
[t1,00). Let

x(t) := x(t) — ta®(t).
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We claim that there is a to € [t;,00)r such that x(t) > 0 on [t2,00)r. If not, then
X(t) < 0 on [ta, 00)r. Hence,

s(t\A 2P (t) — z(t) x(t)
(T) = tg(t) = _tO’(t) >0, te [tg, OO)T,

which implies that x(t)/t is strictly increasing on [t2,00)r. Pick t3 € [t2, 00)7 such
that §(t) > 0(t3) on [t3, 00)r. Then

2(0(t))/0(t) = x(3(t3))/d(ts) =: d2 > 0,

so that x(d(t)) > dyd(t) on [t3,00)r. Since z(t) > 0 and x2(t) > 0 for ¢ € [t;,00)r,

y(t) = x(t) —pt)y(r(t))
= z(t) — p(t)[z(7(t)) — p(r(1))y(7(7(t)))]
> x(t) —pt)z(r(t) = [1 — p(t)]x(t),
consequently, y(5(t)) > [1 — p(5(t))]z(8(t)). Therefore, (1.1) can be rewritten as
(2.2)  (r(®)a®()> + @ ()1 = p(a(t))]*x*(5(1)) + g2(8)[1 — p(6(£))) 2" (5(t)) < 0.

By the arithmetic and geometric inequality [12, Theorem 9], we have

au(t)[1 = p(8(£))]"*(8(1)) + q2(t)[1 — p(5(t))]"2"(8(t))
(5(t)){q1(t)[ p(O(8)]*2*7H(3(1) + q2(8)[1 — p(a(1))) 72"~ (3(1))}
O(t)x(3(t))-

Combining the above and (2.2), we get

(2.3) (r()z™ ()2 + O(t)z(5(t)) < 0.

By integrating both sides of (2.3) from t3 to ¢, we have

r(t3)x® (t3) > r(t)z>(t) +/ O(s)z(d(s))As > dg/ 0(s)O(s)As,

t3 t3

t

since r(t)z*(t) > 0. This contradicts (2.1). Hence, there is a ty € [t;, 00)r such that
x(t) > 0 on [ty, 00)y, which follows that x(t) > tz®(t) on [ts, 00). Consequently,

(x(t))A _A@r—al) _ x()

Tt to(t)  to(t)

<0, te&[ty,00)r,
so, we have that x(t)/t is strictly decreasing on [ta, 00)r. O

Now, we employ the generalized Riccati transformation and averaging technique
to establish oscillation criteria for Eq. (1.1). In the sequel, we use a class of functions
introduced by Philos [16]. Let D = {(t,s) € T? : ty < s < o(t)}. We say that a
function H € C!,(D,[0,00)) belongs to the class S, defined by H € S, if it satisfies

the following two conditions:

(H1) H(t,s) >0 for (t,s) € D, and H(o(t),s) = 0 if and only if s = t;
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(H2) H2(t,s) <0 for ty < s < o(t), and there exists h € C,4(D,R) such that
Hy (o(t),5) = —h(t,s)\/H(o(t),0(s)),
where H2(t,s) is delta derivative with respect to s.

Theorem 2.2. Let (2.1) hold. Furthermore, assume that there exist functions H €
v € C!,([to, 00)1, RT) and rn € C!,([ty, 00)T, R) such that

(2.4) hi‘lizlpm / H(o(1),0(5)) [6(s) — 10()¢%(1,5)] As = oo,
where
o(s) = [6(5)0(s) + sr(s)n2(s) — o(s)r(s)n(s)]] “O_(<j)’,
o r(s)a(s)v2 . o) v2(s)  2sn(s)v7(s) B h(t, s)
9068 1= =ty U b ) =TT TS0 @ o)

Then Eq. (1.1) is oscillatory on [tg, 00)T.

Proof. Suppose to the contrary that y(t) is a nonoscillatory solution of Eq. (1.1).
Without loss of generality, we may assume that y(¢) is an eventually positive solution
of (1.1) with y(6(¢)) > 0 and y(7(¢t)) > 0 for all ¢ > t; sufficiently large, since the
proof in the other case is similar. In view of Lemma 2.1, there is some t5 > t1, such
that

z2(t) >0,  (r()z®(t)2 <0 for t>t.

Define the function w(t) by the generalized Riccati transformation

T LUA
wlt) == v(t) (tl(t)(t)jtr(t)n(t)], —
Hence,

O e 2 OO U (i 12) N (1 i (2 NP
) = g R AOILO)
v (t) - 2(0@t)  Loar@(t) (22N,

(25) < o) -0 0N g — v O~ La (Tar) T OO

From the definition of w(t), we get
(2.6) ) _ _wd) —n(t).

z(t)  w(t)r(t)
Also from Lemma 2.1, since x(t)/t is strictly decreasing, we have

z00) S o) - =) o

(2.7) x° (t) o‘(t) ’ x? (t) o U(t) .
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Substituting (2.6) and (2.7) into (2.5), we obtain

P O ISR )
6 = “gre®-ven s
e T [_w®) .
O e~ 10+ @)
e [P0 2y 1

Evaluating both sides of (2.8) at s, multiplying by H(o(t),o(s)), integrating from t,

to t, using integration by parts formula, and rearranging the terms, we get

/ H(o SAs < — / H(o WA (5)As

4 / H(o(t). ()| vols) | 2smls)(s )}w(s)As— /t L H(o(t), o(s))w(s)As

v(s) U(S)U(S) 9(s)
Lo,
— H(o(t), t2)w(ts) / H(o (t uls) = 5w (s)]As,
which implies that, after completing the square, that
1 t
/ H(o )9(s)As < H(o(t), t2)w(tz) + 7 H(a(t),0(s))g(s)¢*(t, 5)As,

to

consequently,

[ (0061 [605) = G051 (1. 5)] As < Hlote), t)ults) < Hlo@), o))

Hence, for all t > t,

/tt H(o(t), o(s)) [o(s) - %g(s)(pz(t o)as

[2 +/tt>H(g(t),U(s))[¢(s) _ 29(8)<p2(t, 8)] As

Hio.0)] [ 1066185 + lwie)]

Divide the above inequality by H(o(t),t) and take limsup in it as ¢ — oo, then

IN

condition (2.4) gives a desired contradiction. The proof is complete. O
As an immediate conclusion of Theorem 2.2, we obtain

Corollary 2.3. In Theorem 2.2, if (2.4) is replaced by

(2.9) lillrtrlsc;ljp T 70) / H(o Jp(s)As = oo,
and

) 1 t 9
(2.10) imsup s / H(o(t), o(5))g()¢2(t, 5) As < oo,
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then Eq. (1.1) is oscillatory on [ty, 00)T.

From Theorem 2.2, we can establish different sufficient conditions for the oscilla-
tion of Eq. (1.1) by using different choices of v(¢) and n(t). For instance, if we consider
v(t) =t, n(t) = 1/t, define H(t,s) for (t,s) € D by H(o(t),t) =0, and H(t,s) =1

otherwise, using Theorem 2.2, we get the following corollary.

Corollary 2.4. Let (2.1) hold, and assume that

(2.11) lim sup /t [5(5)@(5) — a(s)(ﬁ)A — 5T(S)]As = 00.

t—o00 to S 4s

Then Eq. (1.1) is oscillatory on [tg, 00)T.

If in Theorem 2.2, we choose 7(t) and v(t) such that

212 00 =~ T,
then we have

Corollary 2.5. Let (2.1) hold, and assume that there exist functions H € &, v €
C!l,([to, 00), RT) such that (2.12) holds and

. 1 ' a(s)r(s)v*(s) 5
(213) lim sup m/t;) |:H(O'(t), U(S))¢(S) - To_(s)h (t, 8)] As = o0,

t—o0

where ¢ is as in Theorem 2.2. Then Eq. (1.1) is oscillatory on [ty,00)T.

If we choose v(t) and 7n(t) such that (2.12) holds, define H(t, s) for (t,s) € D by
H(o(t),t) =0, and H(t,s) =1 otherwise, from Corollary 2.5, we have

Corollary 2.6. Let (2.1) hold, and assume that there ezists a function
v € Crq([to, 00)T, R") such that (2.12) holds and

(2.14) lim sup/ o(s
t—o0

where ¢ is as in Theorem 2.2. Then Eq. (1.1) is oscillatory on [ty,00)T.

From Corollary 2.6, we can also establish other sufficient conditions for the os-
cillation of Eq. (1.1) by using different choices of v(t). For example, if v(t) = ¢, then
n(t) = —1/(2t), and if v(t) = t2, then n(t) = —(t + o(t))/(2to(t)), then by Corollary
2.6, we have the following oscillation results, respectively.

Corollary 2.7. Let (2.1) hold, and assume that
t A
(2.15) lim Sup/ [5(5)@(5) + r(s) + 7(s) (T(S)> ]As = 0.

t—o00 to 4s 2 S

Then Eq. (1.1) is oscillatory on [tg, 00)T.
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Corollary 2.8. Let (2.1) hold, and assume that

(2.16) limsup /t: o*(s) [%@@ s g;sW b (L ;(;W)ﬂ As — oo,

Then Eq. (1.1) is oscillatory on [tg, 00)T.

t—o0

3. APPLICATIONS

In this section, we apply Theorem 2.2 to different types of time scales and estab-
lish some oscillation criteria for Eqgs.(1.2)—(1.5). For applications of the main results,
we will give five interesting examples which are new and not be studied by any authors

mentioned earlier.

We start with the case when T = [tg, 00). By using Theorem 2.2, we have the
following oscillation result for Eq. (1.2).

Theorem 3.1. Assume that

(3.1) / A and / 5(H)O(t)dt = .
to T(t) to
Furthermore, assume that there exist functions H € S, v € C!([tg,0),RT) and

rn € C!([tg, ), R) such that

(3.2) lim sup ﬁ /t H(t,s) [gb(s) - %v(s)r(s)gpQ(t, s)] ds = oo,

t—o0

where
6(5) - = 0(5) [ L5(5)0(5) + r(s)(s) ~ [r(sIn(s)] .

v'(s)  h(ts)
v(s)
)

p(t,s) - =2n(s) +
Then Eq. (1.2) is oscillatory on [tg, oo

Remark 3.1. For Eq. (1.2), Theorem 3.1 improves Theorem 2.1 in Xu [18].
Define H(t,s) by H(t,t) =0 and H(t,s) =1 for ty < s < t, by Theorem 3.1, we
get

Corollary 3.2. Let (3.1) hold, and assume that there ezists a function
v € C'([ty, 00)r, RT) such that (2.12) holds and

(3.3) lim sup /tv(s) [15(8)@(8) + r(s)(vl(s) )2 + (M>/] ds = 0.

t—oo Ji s 2v(s) 2v(s)

Then Eq. (1.2) is oscillatory on [tg, 00).

We now apply Theorem 2.2 to the time scale T = [ty, 00)n, to € N, and establish

some oscillation criteria for the delay difference equation Eq. (1.3).
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Theorem 3.3. Assume that
1
(3.4) Z = and Y 5(t)O(t) = 0.

Furthermore, assume that there exist H € S, a sequence n(t) and a positive sequence
v(t) such that

t—1

(3.5) limsup ! ) Z H(t+1,s+1)|¢(s) —

(s+1)r(s) o
t—o00 H(t ‘I‘ 1, tO s—to

4sv(s + 1) v (s)*(t, 8)] = 00,

where
P(s) : = UiSjll) [5(3)@(3) + s7(s)n?(s) — (s + 1)A(r(s)n(5))}’
ot s) s = Av(s) | 2sp(s)u(s+1) hit, s)

v(s) (s +1)v(s) VHE+1,5+1)
Then Eq. (1.3) is oscillatory on [tg, 00)N.

From Theorem 3.3, we can establish different sufficient conditions for the oscil-
lation of (1.3) by using different choices of H, v and 7. For instance, let v(t) = t,

n(t) = 1/t, define H(t,s) by H(t + 1,t) = 0, and H(t,s) = 1 otherwise, then, by
Theorem 3.3, we get

Corollary 3.4. Assume that (3.4) holds, and

(3.6) hmsupz [@ (s + 1)A<®) - 5T(8)} = 00.

t—o00
Then Eq. (1.3) is oscillatory on [tg, 00)N.
When T = [ngh, 00)uy for b > 0 and ng € N, from Theorem 2.2, we have

Theorem 3.5. Assume that

(3.7) > r(;h) =00 and Y §(kh)O(kh) =

k=no

Furthermore, assume that there exist H € §, a sequence 1n(t) and a positive sequence
v(t) such that

-1

limsupH nh+h o) Z (nh + h, kh + h)
(3.8) X [gb(kh) W 2(kh) % (nh, kh)
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where
o(kh) := %[5(]{,‘}1)@(]{3}1) + khr(kR)n?(kh) — (kh + h) Ay (r(kR)n(kh))],
_ Apv(kh)  2kn(kh)v(kh+h) h(nh, kh)
pnh, kh) = v(kh) i (k + D)v(kh) VHMnh + h, kh+ 1)

Then Eq. (1.4) is oscillatory on [noh, 00)ny.

Define H(t,s) by H(t + h,t) = 0, and H(t,s) = 1 otherwise, let v(f) = t and
n(t) = —1/(2t), then, by Theorem 3.5, we have:

Corollary 3.6. Assume that (3.7) holds, and

r(kh)
4kh

+ %h(k + 1)Ah(r(kh>)] — 0.

(3.9) limsup » [5(kh)@(kh) + kh

n—00
k=ng

Then Eq. (1.4) is oscillatory on [ngh, 00)sy.

Next, by applying Theorem 2.2 to Eq. (1.5), we have

Theorem 3.7. Assume that

(3.10) D r(qqk) =co and Y ¢"6(¢")3(¢") = co.
k=ng k=no

Furthermore, assume that there exist H € §, a sequence 1n(t) and a positive sequence
v(t) such that

(3.11)
n—1
. 1 n+l k1N | K o0k ¢*'r(q") 20 k\ 2/ n _k\| _
hinf;ipw; H(¢"",q )[q o(q >_WU (¢")¢"(d",q )] = 00,
=no

where

qs
Aguls) | 20()vles) _ hit,s)

v(s) qu(s) VH(qt, qs)

Then Eq. (1.5) is oscillatory on [g"°, 00)

o(t,s) =

Mo -

If in Theorem 3.7 we choose v(t) = t and n(t) = 1/t, define H(t, s) by H(qt,t) =0,

and H(t,s) = 1 otherwise, we have

Corollary 3.8. Assume that (3.10) holds, and

(3.12) lim sup n_z_l [qk5(qk)@(qk) - q%*lﬁq(%q:)> - Zr(qk)] = oo.

Then Eq. (1.5) is oscillatory on [¢"™, 00) .-
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Finally, we give some examples to show the significance of our main results.

Example 3.1. Consider the second order dynamic equation

313)  (eA0)" +arre - D+ eyt -0 =0, te 200,

where p(t) = 1 = 1/t, ¢1, @2 € Cra([2,00)7, RT) with ¢i(t) = ga(t) > 0*(f). Let
v(t) =1, n(t) = 0, which follows that ¢(t) > 20(t).

In this case (2.14) reads
(

t t t
1imsup/ o(s)As > limsup/ 20(s)As > 21imsup/ sAs = 0.
t—o0 2 t—00 2 t—00 2
Hence, by Corollary 2.6, Eq. (3.13) is oscillatory on [2, 00)r. In particular,

(1) if T=TR and ¢, (t) = q2(t) > 2, then Eq. (3.13) is oscillatory;

(2) if T =N and ¢ () = q2(t) > (¢t + 1)?, then Eq. (3.13) is oscillatory;

(3) if T =hN for h > 0 and ¢,(t) = q2(t) > (t + h)?, then Eq. (3.13) is oscillatory;
(4) if T = g™ for ¢ > 1 and q;(t) = go(t) > ¢°t?, then Eq. (3.13) is oscillatory.

Example 3.2. Consider the second-order neutral delay differential equation
1 /
314)  (50®) +a®ly— DIy - 1)+ el - DIy -1) =0,

where t € [2,00), p(t) =1 —-1/t, 0 < a <1 < @ with a+ = 2, and ¢1,¢2 €
C([2,0),RT) with q;(t) = ga(t) > \/t3, A > 0. Let

v(t) =3, n(t) = =3/(2t), H(t,s) = (t —s)*.

A direct computation yields that

o) 2 22T plts) = -2
Thus, for all A > 0,
lim sup ! /t H(t,s) [gb(s) - 1v(s)r(s)cpz(t s)}ds
t—o00 H(t> 2) 2 ’ 4 ’
1 t

2\ 27 1
> limsup —— [ (t= 92| = = = - o ——]d
- Htriigp (t—2)2/2( 2 s 4st S2(t—s)? °
= 2\Int 4 constant = oo,

i.e., (3.2) holds. Hence, by Theorem 3.1, Eq. (3.14) is oscillatory.
Example 3.3. Consider the following equation

1 2
t+1 (t—1)2Y
where p(t) = pp with 0 < py < 1. Put v(t) = 1, n(t) = 1 + 1/¢t, define H(t,s) by
H(t+1,t) =0, and H(t,s) = 1 otherwise. It is easy to compute that

S(t—1)+(t+ 1%t —1)=0, t€[2,00)n,

W=

(3.15) A=) +

o(t) = 2(1 — po)t + % + ﬁ, o(t,s) = 2.
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Thus, for all t > 2,

limsup t+1 ZHt+1,s+1)[¢(s)—%w(sw(t,sﬂ
1
_hiiliﬁ;lpZ[ (1 —po)s (s—l—l)}
= limsup {(l—po)(t+1)(t—2)+%—ﬂ = 00,

which follows that (3.5) holds. Therefore, by Theorem 3.3, Eq. (3.15) is oscillatory
on [2, 0o)n.

Example 3.4. Consider the following equation

(t—i— 1)2 1 (t—l— 1)2 An+1
n t— 1 n t— ]_ O
s D gyt e b=

(3.16) Ap(Ap(t)) +

where t € [3,00),y for h = 3, p(t) = t/(1+t), n is a positive integer. Take v(t) =t
and n(t) = —1/(2t), then

_(t41)?
o) = 4t — 1)
Thus, for all n > 1,
| n—1 r(kh)  kh+h . /r(kh)
hmsupz [5(kh)@(kh) + Akh + 2 Ah( kh ﬂ
O =1
(Bk+1)* 1
= —hmsupz T
3 no [ Ak 4k]

= lim sup <§n + gn — 5) = Q.

Hence, (3.9) holds, consequently, by Corollary 3.6, Eq. (3.16) is oscillatory on [3, 00) .

Example 3.5. Consider the 2-difference equation
1
317 A,(7820) + @@yl -1+ a@yit-1) =0, teT,

where T = [2,00)qm, p(t) = 1 — 1/t, and q1, ¢ € Cq(T,RY) with ¢1(¢) = ¢(t) >
1 —1/(8t%). Define v(t) = ¢ and n(t) = 1/t, we get

o(t) > i(1—i).

—t—-1 8t2
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Thus, for all n > 1,

limsuan:I [qké(qk>@(qk) _ q2k+1Aq<T(q:)> _ 57"(4(11@)]

n—oo

zlimsupnz_l[QkH(l— ! )—l— S 5]

B 92k+3 ok+1  9k+2
k=1
n—1
= lim sup Z 2kl = 0,
which follows that (3.12) holds. Hence, by Corollary 3.8, Eq. (3.17) is oscillatory on
[2’ m)2NO .
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