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ABSTRACT. This paper is concerned with the existence and approximation of solutions for second

order impulsive functional differential equations with boundary value conditions. By establishing

new comparison results and applying the monotone iterative technique, we obtain the sufficient

conditions for the existence of extremal solutions.
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1. INTRODUCTION

The theory of impulsive differential equations has been emerging as an important

area of investigations in recent years since it is a basic tool to study some problems

of biology, medicine, engineering, and physics(see [1], [2]). As an important branch,

boundary value problems have drawn much attention. There are plenty of results on

studying the boundary value problem of impulsive differential equations ([3]-[19]).

In this paper, we study the following boundary value problems

(1)































x′′(t) = f(t, x(t), x(θ(t))), t 6= tk, t ∈ J = [0, T ],

∆x(tk) = Ik(x(tk)), k = 1, 2, . . . , m,

∆x′(tk) = I∗

k(x′(tk)),

x(0) = x(T ) + λ1

∫ T

0
x(s)ds + a,

x′(0) = λ2x
′(T ) + λ3

∫ T

0
x(s)ds + b,

where f ∈ C(J × R × R, R), 0 ≤ θ(t) ≤ t, t ∈ J . 0 = t0 < t1 < t2 < · · · < tm <

tm+1 = T . Ik, I
∗

k ∈ C(R, R). ∆x(tk) = x(t+k ) − x(t−k ), ∆x′(tk) = x′(t+k ) − x′(t−k ) for

k = 1, 2, . . . , m. λ1, λ2, λ3, a, b ∈ R and λ1, λ3 ≥ 0, 0 ≤ λ2 ≤ 1.

It is important to indicate that (1) includes a number of (impulsive) functional

differential equations, (impulsive) functional differential equations with deviating ar-

guments, (impulsive) functional differential equations with periodic boundary condi-

tions studied by many authors as special cases, such as ([3]-[13]).
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370 Z. LIU AND J. HAN

This paper is organized as follows: In section 2, we establish a new comparison

principle. In section 3, after introducing the definitions of upper and lower solutions,

we obtain existence of extremal solutions for (1) by using the method of upper and

lower solutions and monotone iterative technique.

2. PRELIMINARIES AND COMPARISON PRINCIPLES

Let PC(J) = {x : J → R; x(t) is continuous everywhere except for some tk at

which x(t+k ) and x(t−k ) exist, and x(t−k ) = x(tk), k = 1, 2, . . . , m}. PC1(J) = {x ∈
PC(J) : x′(t) is continuous everywhere except for some tk at which x′(t+k ) and x′(t−k )

exist, and x′(t−k ) = x′(tk), k = 1, 2, . . . , m}. PC2(J) = {x ∈ PC1(J) : x|(tk ,tk+1] ∈
C2(tk, tk+1], k = 0, 1, . . .m}. PC(J) and PC1(J) are Banach spaces with the norms

‖ x ‖PC= sup{|x(t)| : t ∈ J} and ‖ x ‖PC1= max{‖ x ‖PC , ‖ x′ ‖PC}.
A function x ∈ PC2(J) is called a solution of problem(1) if it satisfies (1).

The following comparison results and lemmas play an important role.

Lemma 2.1 ([1], P. 33–35) Suppose that the following conditions are satisfied

(A0) the sequence {tk} satisfies 0 ≤ t0 < t1 < t2 < · · · , with limk→∞ tk = ∞.

(A1) m ∈ PC1(R+, R) and m(t) is left continuous at tk, k = 1, 2 . . . .

(A2) for k = 1, 2 . . . , t ≥ t0

{

m′(t) ≤ p(t)m(t) + q(t), t 6= tk,

m(t+k ) ≤ dkm(tk) + bk, k = 1, 2 . . . , m,

where q, p ∈ C(R+, R), dk ≥ 0 and bk are real constants. Then

m(t) ≤ m(t0)

(

∏

t0<tk<t

dk

)

exp

(
∫ t

t0

p(s)ds

)

+
∑

t0<tk<t





∏

tk<tj<t

dj



 exp

(
∫ t

tk

p(s)ds

)

bk

+

∫ t

t0

(

∏

s<tk<t

dk

)

exp

(
∫ t

s

p(σ)dσ

)

q(s)ds.

Lemma 2.2 If m ∈ PC2(J) and

(2)























m′′(t) ≤ −Mm(t) − Nm(θ(t)), t 6= tk, it ∈ J = [0, T ],

∆m(tk) ≤ −Lkm(tk), k = 1, 2, . . . , m,

∆m′(tk) ≤ −L∗

km
′(tk), k = 1, 2, . . . , m,

m′(0) ≤ pm′(T ), m(0) ≤ m(T ),
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IMPULSIVE FUNCTIONAL DIFFERENTIAL EQUATIONS 371

where M > 0, N ≥ 0, 0 ≤ Lk < 1, 0 < L∗

k < 1 (k = 1, 2, . . .m), 0 ≤ p ≤ 1, such that

(M + N)T







p

[

1 − p

m
∏

k=1

(1 − L∗

k)

]

−1

+

(

m
∏

k=1

(1 − L∗

k)

)

−1






∫ T

0

∏

s<tk<T

(1 − Lk)ds ≤
m
∏

k=1

(1 − Lk)
2.(3)

Then m(t) ≤ 0 for all t ∈ J .

Proof. The idea of the proof comes from [7], where similar comparison results are

given if p = 1. Suppose, to the contrary,that there exists some t ∈ [0, T ] such that

m(t) > 0. It is enough to consider the following two possible cases.

Case 1. There exists a t̄ ∈ J such that m(t̄) > 0 and m(t) ≥ 0 for all t ∈ [0, T ].

Then by (2) m′′(t) ≤ 0, for t 6= tk and m′(t+k ) ≤ (1−L∗

k)m
′(tk). Therefore, by lemma

2.1 we get m′(t) ≤ m′(0)
∏

0<tk<t(1−L∗

k). Hence by using (2) again, we have m′(0) ≤
pm′(T ) ≤ pm′(0)

∏m

k=1(1 − L∗

k). Since 0 < L∗

k < 1 (k = 1, 2, . . .m), 0 ≤ p ≤ 1,

then m′(0) ≤ 0. So m′(t) ≤ m′(0)
∏

0<tk<t(1 − L∗

k) ≤ 0, which implies that m(t)

is non-increasing from m(t+k ) ≤ (1 − Lk)m(tk) ≤ m(tk). Therefore, we can obtain

m(T ) ≤ m(0). But by (2) we have m(0) ≤ m(T ). So m(t) = m(t̄) = C > 0, ∀t ∈ J .

Hence m′′(t) ≡ 0. However from (2) we have m′′(t) ≤ −Mm(t) − Nm(θ(t)) ≤
−MC − NC < 0, which is a contradiction.

Case 2. There exist t∗, t∗ ∈ J such that m(t∗) < 0 and m(t∗) > 0.Let m(t∗) =

infs∈J m(s) = −λ, λ > 0, t∗ ∈ (ti, ti+1]. Set t∗ 6= t+i (if t∗ = t+i , we may prove in the

same way). In virtue of (2), we get the following inequalities:
{

m′′(t) ≤ −Mm(t) − Nm(θ(t)) ≤ (M + N)λ, t 6= tk, t ∈ J,

m′(t+k ) ≤ (1 − L∗

k)m
′(tk), k = 1, 2, . . . , m.

By lemma 2.1 we get

(4) m′(t) ≤ m′(0)
∏

0<tk<t

(1 − L∗

k) +

∫ t

0

∏

s<tk<t

(1 − L∗

k)(M + N)λds.

Let t = T , we obtain from (2)

m′(0) ≤ pm′(T ) ≤ pm′(0)

m
∏

k=1

(1 − L∗

k) + pλ(M + N)

∫ T

0

∏

s<tk<T

(1 − L∗

k)ds

≤ pm′(0)
m
∏

k=1

(1 − L∗

k) + pλ(M + N)T,

which implies

(5) m′(0) ≤ pλ(M + N)T [1 − p
m
∏

k=1

(1 − L∗

k)]
−1.
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372 Z. LIU AND J. HAN

By combining (4) and (5), we have

m′(t) ≤ pλ(M + N)T [1 − p
m
∏

k=1

(1 − L∗

k)]
−1

∏

0<tk<t

(1 − L∗

k)

+λ(M + N)

∫ t

0

∏

s<tk<t

(1 − L∗

k)ds

≤ λ(M + N)
∏

0<tk<t

(1 − L∗

k){pT [1 − p
m
∏

k=1

(1 − L∗

k)]
−1

+

∫ t

0

∏

s<tk<t

(1 − L∗

k)ds/
∏

0<tk<t

(1 − L∗

k)}

≤ λ(M + N){pT [1 − p
m
∏

k=1

(1 − L∗

k)]
−1 +

∫ T

0

∏

s<tk<T

(1 − L∗

k)ds/
m
∏

k=1

(1 − L∗

k)}

≤ λ(M + N)T{p[1 − p
m
∏

k=1

(1 − L∗

k)]
−1 + (

m
∏

k=1

(1 − L∗

k))
−1}.

Using the inequalities m(t+k ) ≤ (1 − Lk)m(tk), we obtain for t ∈ [t∗, T ]

(6)
m(t) ≤ m(t∗)

∏

t∗<tk<t(1 − Lk) + λ(M + N)T{p[1 − p
∏m

k=1(1 − L∗

k)]
−1

+(
∏m

k=1(1 − L∗

k))
−1}

∫ t

t∗

∏

s<tk<t(1 − Lk)ds.

If t∗ > t∗, then we get from the inequality above

0 < m(t∗) ≤ −λ
∏

t∗<tk<t∗

(1 − Lk) + λ(M + N)T{p[1 − p

m
∏

k=1

(1 − L∗

k)]
−1

+(

m
∏

k=1

(1 − L∗

k))
−1}

∫ t∗

t∗

∏

s<tk<t∗

(1 − Lk)ds.

So

m
∏

k=1

(1 − Lk)
2/

∫ T

0

∏

s<tk<T

(1 − Lk)ds ≤
m
∏

k=1

(1 − Lk)/

∫ T

0

∏

s<tk<T

(1 − Lk)ds

≤
∏

t∗<tk<t∗

(1 − Lk)/

∫ t∗

t∗

∏

s<tk<t∗

(1 − Lk)ds

< (M + N)T{p[1 − p
m
∏

k=1

(1 − L∗

k)]
−1

+(
m
∏

k=1

(1 − L∗

k))
−1},

which is a contradiction with (3).

If t∗ < t∗, we may assume t∗ ∈ (ti, ti+1], t∗ ∈ (tj, tj+1], 0 ≤ j ≤ i. Like (6), we have
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IMPULSIVE FUNCTIONAL DIFFERENTIAL EQUATIONS 373

by lemma 2.1

m(t∗) ≤ m(0)
∏

0<tk<t∗

(1 − Lk) + λ(M + N)T{p[1 − p

m
∏

k=1

(1 − L∗

k)]
−1

+(

m
∏

k=1

(1 − L∗

k))
−1}

∫ t∗

0

∏

s<tk<t∗

(1 − Lk)ds

= m(0)

j
∏

k=1

(1 − Lk) + λ(M + N)T{p[1 − p

m
∏

k=1

(1 − L∗

k)]
−1

+(
m
∏

k=1

(1 − L∗

k))
−1}

∫ t∗

0

∏

s<tk<t∗

(1 − Lk)ds.

On the other hand, from (2) and (6) with t = T , we obtain

m(0) ≤ m(T ) ≤ m(t∗)
∏

t∗<tk<T

(1 − Lk) + λ(M + N)T{p[1 − p
m
∏

k=1

(1 − L∗

k)]
−1

+(
m
∏

k=1

(1 − L∗

k))
−1}

∫ T

t∗

∏

s<tk<T

(1 − Lk)ds

= −λ

m
∏

k=i+1

(1 − Lk) + λ(M + N)T{p[1 − p

m
∏

k=1

(1 − L∗

k)]
−1

+(

m
∏

k=1

(1 − L∗

k))
−1}

∫ T

t∗

∏

s<tk<T

(1 − Lk)ds.

From the two inequalities above, we obtain

0 < m(t∗) ≤ −λ
m
∏

k=i+1

(1 − Lk)

j
∏

k=1

(1 − Lk)

+λ(M + N)T{p[1 − p
m
∏

k=1

(1 − L∗

k)]
−1 + (

m
∏

k=1

(1 − L∗

k))
−1}

×
j
∏

k=1

(1 − Lk)

∫ T

t∗

∏

s<tk<T

(1 − Lk)ds

+λ(M + N)T{p[1 − p
m
∏

k=1

(1 − L∗

k)]
−1

+(
m
∏

k=1

(1 − L∗

k))
−1}

∫ t∗

0

∏

s<tk<t∗

(1 − Lk)ds.

So

m
∏

k=i+1

(1 − Lk)

j
∏

k=1

(1 − Lk)
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374 Z. LIU AND J. HAN

< (M + N)T{p[1 − p

m
∏

k=1

(1 − L∗

k)]
−1 + (

m
∏

k=1

(1 − L∗

k))
−1}

×[

∫ t∗

0

∏

s<tk<t∗

(1 − Lk)ds +

j
∏

k=1

(1 − Lk)

∫ T

t∗

∏

s<tk<T

(1 − Lk)ds]. (7)

Multiplying both sides of (7) by
∏m

k=j+1(1 − Lk), we have

m
∏

k=i+1

(1 − Lk)

m
∏

k=1

(1 − Lk)

< (M + N)T{p[1 − p
m
∏

k=1

(1 − L∗

k)]
−1 + (

m
∏

k=1

(1 − L∗

k))
−1}

×[
m
∏

k=j+1

(1 − Lk)

∫ t∗

0

∏

s<tk<t∗

(1 − Lk)ds +
m
∏

k=1

(1 − Lk)

∫ T

t∗

∏

s<tk<T

(1 − Lk)ds]

≤ (M + N)T{p[1 − p
m
∏

k=1

(1 − L∗

k)]
−1 + (

m
∏

k=1

(1 − L∗

k))
−1}

×[

∫ t∗

0

∏

s<tk<T

(1 − Lk)ds +

∫ T

t∗

∏

s<tk<T

(1 − Lk)ds]

= (M + N)T{p[1 − p

m
∏

k=1

(1 − L∗

k)]
−1 + (

m
∏

k=1

(1 − L∗

k))
−1}

∫ T

0

∏

s<tk<T

(1 − Lk)ds.

Therefore,
m
∏

k=1

(1−Lk)
2 < (M+N)T{p[1−p

m
∏

k=1

(1−L∗

k)]
−1+(

m
∏

k=1

(1−L∗

k))
−1}

∫ T

0

∏

s<tk<T

(1−Lk)ds,

which is a contradiction with (3). Hence m(t) ≤ 0, t ∈ [0, T ]. The proof is complete.

Let us consider the following linear problem:

(8)































x′′(t) + Mx(t) + Nx(θ(t)) = σ(t), t 6= tk, t ∈ J = [0, T ],

∆x(tk) = −Lkx(tk) + ak, k = 1, 2, . . . , m,

∆x′(tk) = −L∗

kx
′(tk) + bk, k = 1, 2, . . . , m,

x(0) = x(T ) + c,

x′(0) = λ2x
′(T ) + d,

where ak, bk, c, d, λ2 are constants.

Lemma 2.3 x ∈ PC2(J) is a solution of (8) if and only if x ∈ PC1(J) is a solution

of the following impulsive integral equation. Furthermore, the linear problem (8) is

uniquely solvable.

(Ax)(t) = q(t) +

∫ T

0

G1(t, s)[Nx(θ(s)) − σ(s)]ds +
∑

0<tk<T

G2(t, tk)(−Lkx(tk) + ak)

−
∑

0<tk<T

G1(t, tk)(−L∗

kx
′(tk) + bk), (9)
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IMPULSIVE FUNCTIONAL DIFFERENTIAL EQUATIONS 375

where

q(t) =
1

mn
(mc cos mt + d sin mt − λ2mc cos m(T − t) + d sinm(T − t)),

m =
√

M, n = [1 + λ2 − (1 + λ2) cos mT ],

G1(t, s) =
1

mn























− sin m(t − s) − 1
2
(1 + λ2) sin m(T − t + s)

−1
2
(1 − λ2) sin m(T − t − s), 0 ≤ s < t ≤ T,

λ2 sin m(t − s) − 1
2
(1 + λ2) sin m(T + t − s)

−1
2
(1 − λ2) sin m(T − t − s), 0 ≤ t ≤ s ≤ T,

G2(t, s) =
1

n























cos m(t − s) − 1
2
(1 + λ2) cos m(T − t + s)

−1
2
(1 − λ2) cos m(T − t − s), 0 ≤ s < t ≤ T,

−λ2 cos m(t − s) + 1
2
(1 + λ2) cosm(T + t − s)

−1
2
(1 − λ2) cos m(T − t − s), 0 ≤ t ≤ s ≤ T.

Proof. Suppose that x(t) is a solution of (9), then

x′(t) = q′(t) +

∫ T

0

G1t(t, s)[Nx(θ(s)) − σ(s)]ds +
∑

0<tk<T

G2t(t, tk)(−Lkx(tk) + ak)

−
∑

0<tk<T

G1t(t, tk)(−L∗

kx
′(tk) + bk)),

where

G1t(t, s) = −1

n























cos m(t − s) − 1
2
(1 + λ2) cos m(T − t + s)

−1
2
(1 − λ2) cos m(T − t − s), 0 ≤ s < t ≤ T,

−λ2 cos m(t − s) + 1
2
(1 + λ2) cos m(T + t − s)

−1
2
(1 − λ2) cos m(T − t − s), 0 ≤ t ≤ s ≤ T

= −G2(t, s),

G2t(t, s) =
m

n























− sin m(t − s) − 1
2
(1 + λ2) sin m(T − t + s)

−1
2
(1 − λ2) sin m(T − t − s), 0 ≤ s < t ≤ T,

λ2 sin m(t − s) − 1
2
(1 + λ2) sinm(T + t − s)

−1
2
(1 − λ2) sin m(T − t − s), 0 ≤ t ≤ s ≤ T

= MG1(t, s).

Therefore, we have

x′′(t) = q′′(t) +

∫ T

0

G1tt(t, s)[Nx(θ(s)) − σ(s)]ds

+
∑

0<tk<T

G2tt(t, tk)(−Lkx(tk) + ak)

−
∑

0<tk<T

G1tt(t, tk)(−L∗

kx
′(tk) + bk)) − Nx(θ(t)) + σ(t),
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376 Z. LIU AND J. HAN

where

G1tt(t, s) = −G2t(t, s) = −MG1(t, s),

G2tt(t, s) = MG1t(t, s) = −MG2(t, s),

q′′(t) = −m2c

n
cos mt− dm

n
sin mt+

λ2m
2c

n
sin m(T − t)− dm

n
cos m(T − t) = −Mq(t).

Hence

x′′(t) + Mx(t) + Nx(θ(t)) = σ(t).

By directly computing, we get

∆x(tk) = ∆
∑

0<tk<T

[G2(t, tk)(−Lkx(tk) + ak) − G1(t, tk)(−L∗

kx
′(tk) + bk)]|t=tk

= −Lkx(tk) + ak,

∆x′(tk) = ∆
∑

0<tk<T

[G2t(t, tk)(−Lkx(tk) + ak) − G1t(t, tk)(−L∗

kx
′(tk) + bk)]|t=tk

= −L∗

kx
′(tk) + bk.

It also easy to see G1(0, s) = G1(T, s), G2(0, s) = G2(T, s), q(0) = q(T ) + c, q′(0) =

λ2q
′(T ) + d. So x(0) = x(T ) + c, x′(0) = λ2x

′(T ) + d.

Now, we prove existence of solution for problem (9), Consider the operators

A : PC1(J) → PC1(J)

x(t) = q(t) +

∫ T

0

G1(t, s)[Nx(θ(s)) − σ(s)]ds +
∑

0<tk<T

G2(t, tk)(−Lkx(tk) + ak)

−
∑

0<tk<T

G1(t, tk)(−L∗

kx
′(tk) + bk).

Similar to the proof of Lemma 3.2 in [8], we can prove that operator A is continuous

and compact. Applying the Schauder fixed-point theorem, we obtain existence of a

fixed point x ∈ PC1(J) for A, so x ∈ PC1(J) is a solution of (8).

Next, we show that the solution of (8) is unique. Suppose that x1(t), x2(t) ∈
PC2(J) are two solutions of (8). Let m(t) = x1(t) − x2(t), then

m′′(t) = [σ(t) − Mx1(t) − Nx1(θ(t))] − [σ(t) − Mx2(t) − Nx2(θ(t))]

= −M [x1(t) − x2(t)] − N [x1(θ(t)) − x2(θ(t))]

= −Mm(t) − Nm(θ(t)),

∆m(tk) = [−Lkx1(tk) + ak] − [−Lkx2(tk) + ak]

= −Lk[x1(tk) − x2(tk)] = −Lkm(tk),

∆m′(tk) = [−L∗

kx
′

1(tk) + bk] − [−L∗

kx
′

2(tk) + bk]

= −L∗

k[x
′

1(tk) − x′

2(tk)] = −L∗

km
′(tk),
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IMPULSIVE FUNCTIONAL DIFFERENTIAL EQUATIONS 377

m(0) = x1(0) − x2(0) = x1(T ) + c − (x2(T ) + c) = x1(T ) − x2(T ) = m(T ),

m′(0) = x′

1(0)−x′

2(0) = λ2x
′

1(T )+d− (λ2x
′

2(T )+d) = λ2(x
′

1(T )−x′

2(T )) = λ2m
′(T ).

By lemma 2.2, we have m(t) ≤ 0, that is x1(t) ≤ x2(t) on J . Analogously, we can

show that x2(t) ≤ x1(t) on J . Therefore x1(t) = x2(t) on J . It means that (8) has

a unique solution. The proof is complete.

3. MAIN RESULTS

In this section, we shall use monotone iterative technique to obtain the existence

of extremal solutions of (1).

Definition 3.1 A function α ∈ PC2(J) is called a lower solution of (1) if































α′′(t) ≤ f(t, α(t), α(θ(t))), t 6= tk, t ∈ J = [0, T ],

∆α(tk) ≤ Ik(α(tk)), k = 1, 2, . . . , m,

∆α′(tk) ≤ I∗

k(α′(tk)), k = 1, 2, . . . , m,

α(0) ≤ α(T ) + λ1

∫ T

0
α(s)ds + a,

α′(0) ≤ λ2α
′(T ) + λ3

∫ T

0
α(s)ds + b.

Analogously, β ∈ PC2(J) is called an upper solution of (1) if































β ′′(t) ≥ f(t, β(t), β(θ(t))), t 6= tk, t ∈ J = [0, T ],

∆β(tk) ≥ Ik(β(tk)), k = 1, 2, . . . , m,

∆β ′(tk) ≥ I∗

k(β ′(tk)), k = 1, 2, . . . , m,

β(0) ≥ β(T ) + λ1

∫ T

0
β(s)ds + a,

β ′(0) ≥ λ2β
′(T ) + λ3

∫ T

0
β(s)ds + b.

In the sequel, we need the following assumptions.

(H1) α, β are lower and upper solutions of (1) such that α ≤ β.

(H2) There exist constants M > 0 and N ≥ 0, such that

f(t, x, y) − f(t, x̄, ȳ) ≥ −M(x − x̄) − N(y − ȳ),

wherever α(t) ≤ x̄(t) ≤ x(t) ≤ β(t) α(θ(t)) ≤ ȳ(t) ≤ y(t) ≤ β(θ(t)).

(H3) There exist constants 0 ≤ Lk < 1, 0 < L∗

k < 1 for k = 1, 2, . . .m, such that

Ik(x(tk)) − Ik(y(tk)) ≥ −Lk(x(tk) − y(tk)),

I∗

k(x′(tk)) − I∗

k(y′(tk)) = −L∗

k(x
′(tk) − y′(tk)),

wherever α(tk) ≤ y(tk) ≤ x(tk) ≤ β(tk), k = 1, 2, . . .m.

Let [α(t), β(t)] = { x ∈ PC1(J) : α(t) ≤ x(t) ≤ β(t)} for all t ∈ J .

Now we are in the position to establish the main results of this paper.

Lemma 3.1 Let (H1), (H2), (H3) and inequality (3) hold. Then there exist y(t), z(t)
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satisfying the following two linear impulsive functional differential equations,respectively,






























y′′(t) + My(t) + Ny(θ(t)) = f(t, α(t), α(θ(t))) + Mα(t) + Nα(θ(t)),

∆y(tk) = −Lky(tk) + Ik(α(tk)) + Lkα(tk), k = 1, 2, . . . , m,

∆y′(tk) = −L∗

ky
′(tk) + I∗

k(α′(tk)) + L∗

kα
′(tk), k = 1, 2, . . . , m,

y(0) = y(T ) + λ1

∫ T

0
α(s)ds + a,

y′(0) = λ2y
′(T ) + λ3

∫ T

0
α(s)ds + b,

and






























z′′(t) + Mz(t) + Nz(θ(t)) = f(t, β(t), β(θ(t))) + Mβ(t) + Nβ(θ(t)),

∆z(tk) = −Lkz(tk) + Ik(β(tk)) + Lkβ(tk), k = 1, 2, . . . , m,

∆z′(tk) = −L∗

kz
′(tk) + I∗

k(β ′(tk)) + L∗

kβ
′(tk), k = 1, 2, . . . , m,

z(0) = z(T ) + λ1

∫ T

0
β(s)ds + a,

z′(0) = λ2z
′(T ) + λ3

∫ T

0
β(s)ds + b,

such that α(t) ≤ y(t) ≤ z(t) ≤ β(t), t ∈ J , and y(t), z(t) are also lower and upper

solutions of (1), respectively.

Proof. Let m(t) = α(t) − y(t), then

m′′(t) ≤ f(t, α(t), α(θ(t))) − [f(t, α(t), α(θ(t)))

+Mα(t) + Nα(θ(t)) − My(t) − Ny(θ(t))]

= −M(α(t) − y(t)) − N(α(θ(t)) − y(θ(t))) = −Mm(t) − Nm(θ(t)),

∆m(tk) ≤ Ik(α(tk)) − [−Lky(tk) + Ik(α(tk)) + Lkα(tk)]

= −Lk[α(tk) − y(tk)] = −Lkm(tk),

∆m′(tk) ≤ I∗

k(α′(tk)) − [−L∗

ky
′(tk) + I∗

k(α′(tk)) + L∗

kα
′(tk)]

= −L∗

k[α
′(tk) − y′(tk)] = −L∗

km
′(tk),

m(0) ≤ α(T ) + λ1

∫ T

0

α(s)ds + a − (y(T ) + λ1

∫ T

0

α(s)ds + a)

= α(T ) − y(T ) = m(T ),

m′(0) ≤ λ2α
′(T ) + λ3

∫ T

0

α(s)ds + b − (λ2y
′(T ) + λ3

∫ T

0

α(s)ds + b)

= λ2α
′(T ) − λ2y

′(T ) = λ2m
′(T ).

By lemma 2.2, we get m(t) ≤ 0 for t ∈ J, that is, α(t) ≤ y(t).

Similarly, we can prove that z(t) ≤ β(t).

Now we suppose that m(t) = y(t) − z(t), then we have

m′′(t) = [f(t, α(t), α(θ(t))) + Mα(t) + Nα(θ(t)) − My(t) − Ny(θ(t))]

−[f(t, β(t), β(θ(t))) + Mβ(t) + Nβ(θ(t)) − Mz(t) − Nz(θ(t))]

≤ −M [y(t) − z(t)] − N [y(θ(t)) − z(θ(t))] = −Mm(t) − Nm(θ(t)),
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∆m(tk) = −Lk(y(tk) − z(tk)) + Ik(α(tk)) + Lkα(tk) − Ik(β(tk)) − Lkβ(tk)]

≤ −Lk(y(tk) − z(tk)) = −Lkm(tk),

∆m′(tk) = −L∗

k(y
′(tk) − z′(tk)) + I∗

k(α′(tk)) + L∗

kα
′(tk) − I∗

k(β ′(tk)) − L∗

kβ
′(tk)

≤ −L∗

k(y
′(tk) − z′(tk)) = −L∗

km
′(tk),

m(0) = (y(T ) + λ1

∫ T

0

α(s)ds + a) − (z(T ) + λ1

∫ T

0

β(s)ds + a)

= y(T ) − z(T ) + λ1

∫ T

0

(α(s)ds − β(s))ds ≤ m(T ),

m′(0) = λ2y
′(T ) + λ3

∫ T

0

α(s)ds + b − (λ2z
′(T ) + λ3

∫ T

0

β(s)ds + b)

= λ2y
′(T ) − λ2z

′(T ) + λ3

∫ T

0

(α(s)ds − β(s))ds ≤ λ2m
′(T ).

By lemma 2.2, we get m(t) ≤ 0 for t ∈ J, that is y(t) ≤ z(t). So α(t) ≤ y(t) ≤
z(t) ≤ β(t), t ∈ J . Now, from (H2) and (H3), we obtain

y′′(t) = [f(t, α(t), α(θ(t))) + Mα(t) + Nα(θ(t)) − My(t) − Ny(θ(t))]

≤ [f(t, y(t), y(θ(t))) + My(t) + Ny(θ(t)) − My(t) − Ny(θ(t))]

= f(t, y(t), y(θ(t))),

∆y(tk) = −Lky(tk) + Ik(α(tk)) + Lkα(tk)

≤ −Lky(tk) + Ik(y(tk)) + Lky(tk) = Ik(y(tk)),

y′(tk) = −L∗

ky
′(tk) + I∗

k(α′(tk)) + L∗

kα
′(tk)

= −L∗

ky
′(tk) + I∗

k(y′(tk)) + L∗

ky
′(tk) = I∗

k(y′(tk)),

y(0) = y(T ) + λ1

∫ T

0

α(s)ds + a ≤ y(T ) + λ1

∫ T

0

y(s)ds + a,

y′(0) = λ2y
′(T ) + λ3

∫ T

0

α(s)ds + b ≤ λ2y
′(T ) + λ3

∫ T

0

y(s)ds + b.

So y(t) is a lower solution of (1). Similarly, we can prove that z(t) is an upper solution

of (1). The proof is complete.

Theorem 3.2 Let (H1), (H2), (H3) and inequality (3) hold. Then there exist mono-

tone sequences {αn}, {βn} ⊂ [α, β] with α = α0 ≤ α1 ≤ · · ·αn ≤ · · · ≤ βn ≤ · · · ≤
β1 ≤ β0 = β such that limn→∞ αn = x∗, limn→∞ βn = x∗ uniformly on J . Moreover,
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x∗, x
∗ are minimal and maximal solution of (1) in [α, β], respectively.

Proof. For n = 1, 2, . . . we suppose that






























α′′

n(t) + Mαn(t) + Nαn(θ(t)) = f(t, αn−1(t), αn−1(θ(t))) + Mαn−1(t) + Nαn−1(θ(t)),

∆αn(tk) = −Lkαn(tk) + Ik(αn−1(tk)) + Lkαn−1(tk), k = 1, 2, . . . , m,

∆α′

n(tk) = −L∗

kα
′

n(tk) + I∗

k(α′

n−1(tk)) + L∗

kα
′

n−1(tk), k = 1, 2, . . . , m,

αn(0) = αn(T ) + λ1

∫ T

0
αn−1(s)ds + a,

α′

n(0) = λ2α
′

n(T ) + λ3

∫ T

0
αn−1(s)ds + b,

and






























β ′′

n(t) + Mβn(t) + Nβn(θ(t)) = f(t, βn−1(t), βn−1(θ(t))) + Mβn−1(t) + Nβn−1(θ(t)),

∆βn(tk) = −Lkβn(tk) + Ik(βn−1(tk)) + Lkβn−1(tk), k = 1, 2, . . . , m,

∆β ′

n(tk) = −L∗

kβ
′

n(tk) + I∗

k(β ′

n−1(tk)) + L∗

kβ
′

n−1(tk), k = 1, 2, . . . , m,

βn(0) = βn(T ) + λ1

∫ T

0
βn−1(s)ds + a,

β ′

n(0) = λ2β
′

n(T ) + λ3

∫ T

0
βn−1(s)ds + b.

In view of Lemma 3.1, we easily get the two monotone sequences {αn}, {βn} ⊂
[α, β] such that α = α0 ≤ α1 ≤ · · ·αn ≤ · · · ≤ βn ≤ · · · ≤ β1 ≤ β0 = β. And

limn→∞ αn = x∗, limn→∞ βn = x∗ uniformly on J . Moreover, x∗(t), x∗(t) are solu-

tions of (1) in [α(t), β(t)].

To prove that x∗(t), x∗(t) are extremal solutions of (1), let x ∈ [α, β] be any

solution of (1),that is,






























x′′(t) = f(t, x(t), x(θ(t))), t 6= tk, t ∈ J = [0, T ],

∆x(tk) = Ik(x(tk)), k = 1, 2, . . . , m,

∆x′(tk) = I∗

k(x′(tk)), k = 1, 2, . . . , m

x(0) = x(T ) + λ1

∫ T

0
x(s)ds + a,

x′(0) = λ2x
′(T ) + λ3

∫ T

0
x(s)ds + b.

Suppose that there exists a positive integer n such that αn(t) ≤ x ≤ βn(t) on J .

Then, let m(t) = αn+1(t) − x(t), we have,

m′′(t) = [f(t, αn(t), αn(θ(t))) + Mαn(t) + Nαn(θ(t))

−Mαn+1(t) − Nαn+1(θ(t))] − f(t, x(t), x(θ(t)))

≤ −M(αn+1(t) − x(t)) − N(αn+1(θ(t)) − x(θ(t))) = −Mm(t) − Nm(θ(t)),

∆m(tk) = [−Lkαn+1(tk) + Ik(αn(tk)) + Lkαn(tk)] − Ik(x(tk))

≤ −Lk[αn+1(tk) − x(tk)] = −Lkm(tk),

∆m′(tk) = [−L∗

kα
′

n+1(tk) + I∗

k(α′

n(tk)) + L∗

kα
′

n(tk)] − I∗

k(x′(tk))

≤ −L∗

k[α
′

n+1(tk) − x′(tk)] = −L∗

km
′(tk),
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m(0) = αn+1(T ) + λ1

∫ T

0

αn(s)ds + a − (x(T ) + λ1

∫ T

0

x(s)ds + a)

= αn+1(T ) − x(T ) + λ1(

∫ T

0

(αn(s) − x(s))ds) ≤ αn+1(T ) − x(T ) = m(T ),

m′(0) = = λ2α
′

n+1(T ) + λ3

∫ T

0

αn(s)ds + b − (λ2x
′(T ) + λ3

∫ T

0

x(s)ds + b)

= λ2α
′

n+1(T ) − λ2x
′(T ) + λ3(

∫ T

0

(αn(s) − x(s))ds) ≤ λ2m
′(T ).

By lemma 2.2, m(t) ≤ 0 on J , i.e, αn+1(t) ≤ x on J . Similarly we obtain x ≤ βn+1(t)

on J . Since α0 ≤ x(t) ≤ β0 on J , by induction we get αn(t) ≤ x ≤ βn(t) on J

for every n. Therefore, x∗(t) ≤ x(t) ≤ x∗(t) on J by taking n → ∞. The proof is

complete.

We conclude with a simple example which can be treated by the methods devel-

oped above.

Example. Consider the following boundary value problem:

(10)































x′′(t) = − 1
100

x(t) − 1
50

e−tx(1
2
t), t ∈ [0, 1], t 6= 1

2
,

∆x(1
2
) = −5

6
x(1

2
),

∆x′(1
2
) = −3

4
x′(1

2
),

x(0) = x(1) + 1
100

∫ 1

0
x(s)ds + 1

10
,

x′(0) = 1
2
x′(1) + 1

10

∫ 1

0
x(s)ds + 1

5
,

Put

α(t) = 0, t ∈ [0, 1], β(t) =

{

t + 1, t ∈ [0, 1
2
],

1
2
t, t ∈ (1

2
, 1].

Obviously, α(t) is a lower solution and β(t) is an upper solutions of (10). Let

f(t, x, y) = − 1

100
x − 1

50
e−ty, M =

1

100
, N =

1

50
, L1 =

5

6
, L∗

1 =
3

4
, λ2 =

1

2
.

We have

f(t, x, y) − f(t, x̄, ȳ) = − 1

100
(x − x̄) − 1

50
e−t(y − ȳ),

I1(x(
1

2
)) − I1(y(

1

2
)) = −5

6
(x(

1

2
) − y(

1

2
)),

I∗

1 (x′(
1

2
)) − I∗

1 (y′(
1

2
)) = −3

4
(x′(

1

2
) − y′(

1

2
)),

(M + N)T{λ2[1 − λ2

m
∏

k=1

(1 − L∗

k)]
−1 + (

m
∏

k=1

(1 − L∗

k))
−1}

∫ T

0

∏

s<tk<T

(1 − Lk)ds

= (
4

7
+ 4)

1

200
=

4

175
≤

m
∏

k=1

(1 − Lk)
2 =

1

36
.
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Hence, (10) satisfies all conditions of Theorem 3.1. It follows that there exist mono-

tone sequences {αn}, {βn} uniformly converging to the extremal solutions of (10) in

[α, β].
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